We show a sense in which the spacetime property of effective completenessa type of "local hole-freeness" or "local inextendibility" -is not stable.
Introduction
It has been argued that "it is a general feature of the description of physical systems by mathematics that only conclusions which are stable, in an appropriate sense, are of physical interest" (Geroch, 1971, 70) . Whatever one thinks of such a position, an investigation concerning the (in)stability of spacetime properties has been a central area of research on global structure. 1 Here, we consider the spacetime property of effective completeness (Manchak 2014 ) which is a type of "local hole-freeness" (see Earman 1989) or "local inextendibility" (Hawking and Ellis 1973) . We show a strong sense in which effective completeness is not stable; a spacetime free of holes in can be arbitrarily close (even in especially fine topologies) to spacetimes with them.
Preliminaries
We begin with a few preliminaries concerning the relevant background formalism of general relativity. 2 An n-dimensional, relativistic spacetime (for n ≥ 2) is a pair of mathematical objects (M, g ab ). M is a connected n-dimensional manifold (without boundary) that is smooth (infinitely differentiable). Here, g ab is a smooth, nondegenerate, pseudo-Riemannian metric of Lorentz signature (−, +, ..., +) defined on M.
Note that M is assumed to be Hausdorff; for any distinct p, q ∈ M, one can find disjoint open sets O p and O q containing p and q respectively. We say two spacetimes (M, g ab ) and (M , g ab ) are isometric if there is a diffeomorphism ϕ : M → M such that ϕ * (g ab ) = g ab . A spacetime (M, g ab ) is extendible if there exists a spacetime (M , g ab ) and a (proper) isometric embedding ϕ : M → M such that ϕ(M) ⊂ M . Here, the spacetime (M , g ab ) is an extension of (M, g ab ). A spacetime is inextendible if has no extension.
For each point p ∈ M, the metric assigns a cone structure to the tangent space
Null vectors create the cone structure; timelike vectors are inside the cone while spacelike vectors are outside. A time orientable spacetime is one that has a continuous timelike vector field on M. A time orientable spacetime allows one to distinguish between the future and past lobes of the light cone. In what follows, it is assumed that spacetimes are time orientable and that an orientation has been chosen.
For some open (connected) interval I ⊆ R, a smooth curve γ : I → M is timelike if the tangent vector ξ a at each point in γ[I] is timelike. Similarly, a curve is null (respectively, spacelike) if its tangent vector at each point is null (respectively, spacelike). A curve is causal if its tangent vector at each point is either null or timelike. A causal curve is future-directed if its tangent vector at each point falls in or on the future lobe of the light cone.
We say a curve γ : I → M is not maximal if there is another curve γ : I → M such that I is a proper subset of I and γ(s) = γ (s) for all s ∈ I. A curve γ : I → M in a spacetime (M, g ab ) a geodesic if ξ a ∇ a ξ b = 0 where ξ a is the tangent vector and ∇ a is the unique derivative operator compatible with g ab . A spacetime (M, g ab ) is geodesically complete if every maximal geodesic γ : I → M is such that I = R. A spacetime is geodesically incomplete if it is not geodesically complete.
For any two points p, q ∈ M, we write p << q if there exists a future-directed timelike curve from p to q. We write p < q if there exists a future-directed causal curve from p to q. These relations allow us to define the timelike and causal pasts and futures of a point p: I − (p) = {q : q << p}, I + (p) = {q : p << q}, J − (p) = {q : q < p}, and J + (p) = {q : p < q}. Naturally, for any set S ⊆ M, define J + [S ] to be the set
is a future endpoint of a future-directed causal curve γ : I → M if, for every neighborhood O of p, there exists a point t 0 ∈ I such that γ(t) ∈ O for all t > t 0 . A past endpoint is defined similarly. A causal curve is future inextendible (respectively, past inextendible) if it has no future (respectively, past) endpoint. If an incomplete geodesic is timelike or null, there is a useful distinction one can introduce. We say that a future-directed causal geodesic γ : I → M without future endpoint is future incomplete if there is an r ∈ R such that s < r for all s ∈ I. A past incomplete causal geodesic is defined analogously.
For any set S ⊆ M, we define the past domain of dependence of S , written D − (S ), to be the set of points p ∈ M such that every causal curve with past endpoint p and no future endpoint intersects S . The future domain of dependence of S , written D + (S ), is defined analogously. The entire domain of dependence of S , written D(S ), is just the set
The edge of an achronal set S ⊂ M is the collection of points p ∈ S
such that every open neighborhood O of p contains a point q ∈ I + (p), a point r ∈ I − (p), and a timelike curve from r to q which does not intersect S . A set S ⊂ M is a slice if it is closed, achronal, and without edge. A spacetime (M, g ab ) which contains a slice S such that D(S ) = M is said to be globally hyperbolic.
Let (K, g ab ) be a globally hyperbolic spacetime. Let ϕ : K → K be an isometric embedding into a spacetime (K , g ab ). We say (K , g ab ) is an effective extension of (K, g ab ) if, for some Cauchy surface S in (K, g ab ), ϕ(K) is a proper subset of int(D(ϕ(S ))) and ϕ(S ) is achronal. Hole-freeness can then be defined as follows. 3 A spacetime (M, g ab ) is hole-free if, for every set K ⊆ M such that (K, g ab ) is a globally hyperbolic spacetime with Cauchy surface S , if (K , g ab ) is not an effective extension of (K, g ab ) where K = int(D(S )), then there is no effective extension of (K, g ab ).
Effective Completeness
Take any spacetime (M, g ab ) and remove a point p from M. The "hole" in the spacetime (M − {p}, g ab ) presumably renders the spacetime "physically unreasonable." Accordingly, one seeks a condition to rule out these and other "holes" in spacetime. (The condition ought to be necessary for "physical reasonableness" but need not be sufficient.) But "although one perhaps has a good intuitive idea of what it is that one wants to avoid, it seems difficult to formulate a precise condition to rule out such examples" (Geroch and Howowitz 1979, 275) .
Because the singularity theorems of Hawking and Penrose (1970) show a sense in which some (if not all) "physically reasonable" spacetimes are geodesically incomplete, one cannot use geodesic completeness to rule out spacetimes with "holes." Instead, two "no hole" conditions -inextendibility and hole-freeness -are often used. But, while the satisfaction of each of these conditions has been taken to be necessary for a spacetime to be "physically reasonable," each condition is weak in the sense that it fails to rule out all of the unwanted "holes" (see Earman 1989) . Naturally, one seeks the strongest (or, at least, a stronger) "no hole" condition which is necessary for "physical reasonableness." Along these lines, the condition of "effective completeness" has recently been proposed which seems promising (Manchak 2014) . Consider the following. Definition. Let M be a manifold which admits a Lorentzian metric and let h ab be a positive definite metric on M. At each point in M, the distance function d(g ab , g ab , h ab , k) between the kth partial derivatives of any two Lorentzian metrics g ab and g ab on M relative to h ab is given by the following (here ∇ a is the unique derivative operator compatible with h ab ):
One can now use the distance function given above to define the C k -open neighborhoods of a spacetime (M, g ab ). We have the following.
Definition. An C k -open neighborhood of a spacetime (M, g ab ) is any collection of spacetimes which includes all spacetimes (M, g ab ) such that Sup M [d(g ab , g ab , h ab , j)] < for j = 0, ..., k where h ab is a positive definite metric on M and is a positive number.
One can verify that even the C 0 -open topology obtained from the above definition is quite fine. In particular, if (M, g ab ) is a spacetime and M is noncompact, then the one-parameter family of spacetimes {(M, λg ab ) : λ ∈ (0, ∞)} does not represent a continuous curve in the C 0 -open topology; moreover, the induced topology on this one-parameter family is discrete (Geroch 1971 Proposition. Geodesic completeness and geodesic incompleteness are C k -open unstable for all k ≥ 0.
Given the singularity theorems, the C k -open instability of geodesic completeness is not too troubling. On the other hand, the C k -open instability of geodesic incompleteness has been taken to be quite significant. Indeed, a great deal of work has been done to show that, if attention is appropriately limited to certain types of Robertson-Walker spacetimes, the C 0 -open stability of geodesic incompleteness can be saved (see Beem and Ehrlich 1996, 250-257). One naturally wonders if any of the "no hole" conditions mentioned above can also be shown to be C k -open unstable. Consider the following.
Proposition. Effective completeness is
Proof. The proof proceeds in two dimensions for reasons of simplicity but can be easily generalized. Consider the spacetime (M, g ab ) where g ab = −2∇ (a t∇ b) ϕ and M is the quotient R 2 /∼ under the equivalence relation given by (t, ϕ) ∼ (t, ϕ + 2π). When no confusion arises, we will speak of the point (t, ϕ) ∈ M rather than the equivalence class of points [(t, ϕ)] ∈ M. One can show that (M, g ab ) is just Minkowski spacetime "rolled up" along one null direction and is therefore geodesically complete (see Beem and Ehrlich 1996, 245) . It follows that the spacetime effectively complete (Manchak 2014) . Let U be the region {(t, ϕ) ∈ M : −2 < t < 2} and let V be the region {(t, ϕ) ∈ M : −3 ≤ t ≤ 3}. Let f : M → R be any smooth function such that both f |U = t and f |M−V = 0. For each n ∈ Z + , let (M, g ab (n)) be the spacetime where g ab (n) = −2∇ (a t∇ b) ϕ−( f /n)∇ a ϕ∇ b ϕ. Note that the spacetime (U, g ab (n)) is isometric to a portion of Misner spacetime. (See equation (1) in Levanony and Ori (2011) and let ψ = ϕ/n and T = tn.)
In what follows, we restrict attention to the k = 1 case but the argument can be generalized to all k ≥ 0 in the natural way. Let h ab be any positive definite metric on M, and let be any positive number. If we let the smooth scalar fields α 0 , α 1 : M → R be given by α 0 = f h ab ∇ a ϕ∇ b ϕ and
1/2 , then we see that for each n ∈ Z + , we have have the following.
By construction, f |M−V = 0 and so this implies that Sup M−V [d(g ab , g ab (n), h ab , k)] = 0 for k = 0, 1. Now consider V. Because this region is compact, we know that there is an m ∈ R such that α 0 (p) < m and α 1 (p) < m for all p ∈ V. So for each n, we
But m/n < for large enough n. It follows that for k = 0, 1 we have Sup M [d(g ab , g ab (n), h ab , k)] < for large enough n. Therefore, in any C 1 -open neighborhood of (M, g ab ), there is an n ∈ Z + such that (M, g ab (n)) is in the neighborhood. It remains to show that (M, g ab (n)) is not effectively complete.
{ { Figure 1 : The isometry θ "unwinds" the geodesic γ.
Fix any n ∈ Z + and consider the spacetime (M, g ab (n)). Let O be the set {(t, ϕ) ∈ M : −2/n < t < 0}. One can show that the set {(t, ϕ) ∈ O : nt = −e −ϕ/n − e −ϕ/2n } is the image of a timelike geodesic γ : I → O. (See equation (10) in Levanony and Ori (2011) with x 0 = −1. Let ψ = ϕ/n and T = tn.) One finds that γ : I → O approaches but never reaches the t = 0 line and is (depending on the temporal orientation) either future or past incomplete (see Hawking and Ellis 1973, 171-174) . We are done once we are able to show that O can be isometrically embedded into another spacetime such that the image of γ under the embedding has both past and future endpoints.
Consider the spacetime (M , g ab ) where g ab = 2∇ (a t ∇ b) ϕ − t ∇ a ϕ ∇ b ϕ and M is the quotient R 2 /∼ under the equivalence relation given by (t , ϕ ) ∼ (t , ϕ + 2π). As before, we will speak of the point (t , ϕ ) ∈ M rather than the equivalence class of points [(t , ϕ )] ∈ M . Let O be the set {(t , ϕ ) ∈ M : −2 < t < 0}. Let θ : O → O be the isometry defined by θ((t, ϕ)) = (nt, ϕ/n + 2ln(−nt)). This isometry "unwinds" the geodesic γ (see Hawking and Ellis 1973, 171) . One can verify that θ • γ[I] is the set {(t , ϕ ) ∈ O : t = −e ϕ + e ϕ /2 )}. So, the curve θ • γ has two (one past and one future) endpoints at (−2, 2ln(2)) and (0, 0) (see Figure 1 ).
Conclusion
The above result should give us pause concerning the physical significance of at least some "no hole" conditions. 4 Two lines of future work may help to clarify matters. First, can one show the C k -open instability of inextendibility or hole-freeness for some k ≥ 0?
If so, the case for the physical insignificance of "no hole" conditions strengthens. If not, this fact may count as a strike against the condition of effective completeness. Second, can one show that the conjunction of effective completeness and some other condition necessary for "physical reasonableness" (e.g. a weak causality condition) is C k -open stable for some k ≥ 0? If so, perhaps there is a sense in which the stability of effective completeness can be saved for some spacetimes of interest (cf. Beem and Ehrlich 1996, 244-247).
